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Lecture 4a

1. Complex numbers (quickly)

2. Defocus contrast (the simple version)
3. Defocus contrast (fancy version)

4. Image delocalization

5. The objective lens and the CTF



Why complex nhumbers?

* Equations are simpler
* Natural for Fourier transforms
» Magnitude and phase of structure factors



I, the Imaginary unit

=y

A complex number/ Real part

z=a+1ib

Imaginary part

w=c+id



Properties of complex numbers
z=a+1b
w=c+id Add z+w=(a+c)+i(b+d)

Multiply zw = (ab — bd) + i(ad + bc)
Real part Re(z) = a
Imaginary part 1m(z) =5
Absolute value |z| = \/m
Conjugate Zz*=a—1b

(Exercise: Show that zz* = \Z\z)



The exponential function e*

e =2.718...
X2 X
et=14+x4+—+ + ...
2 2X3

A very important approximation

e~ 1l +x x<xl



The complex exponential

eV = cos@+isin®




Imaginary part

A plot of e'?
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Any z can be represented as (a, b) or as (r, 0)

z=a+ib 7z = re'
a is the real part ' 1s the magnitude
b is the imaginary part @ is the phase
Imag
Recall that
exey — €x+y

SO, when you multiply
two complex numbers,
the phases add:

i) ,i0 — ,i(0+0,)

Real
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Most cryo-EM data are acquired using defocus contrast

» Defocus values are always
“underfocus”. This means
decreasing the strength of the

e objective lens, effectively
focusing above the specimen.
At high defocus, high-
resolution information in the
iImage Is strongly delocalized
defocus: 0.000;:m
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* Defocus values are always
“underfocus”. This means
decreasing the strength of the
objective lens, effectively
focusing above the specimen.

At high defocus, high-
resolution information in the
image Is strongly delocalized



Image of an object with 5A periodicity

* Defocus values are always
“underfocus”. This means
decreasing the strength of the
objective lens, effectively
focusing above the specimen.

* At high defocus, high-
resolution information in the
Image is strongly delocalized

* Image processing can re-
localize the signals, but at

15 ' 15 most only about half of the
1 MMM 1 17 - theoretical contrast is
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Defocus contrast in a nutshell

1. The contrast in the image of a grating object varies with the amount of defocus.
2. The grating object produces diffracted waves with shifting phase.

3. When the diffracted waves interfere with the undiffracted waves, we have contrast.



Contrast of a grating object varies with the amount of defocus

abs(¥)>? Contrast
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Interference between the
unscattered wave and
the diffracted waves

50

=
. SR produces contrast.
Intensity at 7 N
I=
D
&
S
© 150
Q.
o)
e
‘ ‘ | 200
1 111111 250
: -100 -50 0] 50 100
The grating ¢(x) S —



The grating object produces diffracted waves

because the diffracted waves follow

O Note there’s a tiny shift of wavefronts,
slightly longer paths.
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displacement z, nm
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Now for the theory in all its beauty...

1. Electrons have really short wavelengths, and they travel through the column one by one.
2. The contrast in the image of a grating object varies with the amount of defocus

3. The grating object produces diffracted waves with shifting phase

4. \When the phase of the diffracted waves is right, we have contrast.

5. A lens reproduces the wavefronts at the image plane.

6. Spherical aberration and amplitude contrast introduce new terms in the CTF.

/. A phase plate changes the wavefronts before they reach the camera.
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Z, angstroms

We’'ll ignore time dependence and take a snapshot of an electron wave
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...and insert a phase-shifting object that perturbs the electron wave function

0.4

0 L} ep(x) = e cos(Lax/d).
02 In our example,
d=5Aande < 1.
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Small € allows the weak-phase approximation
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But the weak phase approximation®

allows us to decompose W into
undiffracted and diffracted waves:

at 7z = 0,

*This comes from the expansion
2

eiy=1+iy—y7+...
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Modeling the components of W': first, the undiffracted wave




Classical diffraction yields a diffracted wave...
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¥ — E eik(cz+sx)
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With 4 = .02A and d = 5A,
@ is only 4 milliradians, or 0.23°



..and the other diffracted wave
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0.

The sum of these three waves gives a perfect match at z
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Given the boundary condition, we know Y¥(z) for all z > 0

‘PO — eikz
° i ] P, = e o ik(cz+sx)
2
50 0 ¥ = i_Eeik(CZ—Sx)
2
- The net wavefunction is
§.1oo 100 \P:\PO_|_\IJ+_|_\IJ_
% 150 150 For simplicity, we’ll define ¥ ¥ = P'eX
O

Pr— | 4+ %eik(c—l)zeiksx
+§eik(c—l)ze—iksx
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displacement z, nm
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Let’'s remove the undiffracted wave
(constant part of V).

The two diffracted waves interfere to
show the grating signal. Their overall
phase changes with z.

P — 1 = M=z je cos(ksx)

k=2n/A
s = sin(@) = Ald
¢ = cos(6)

Our original phase object

b(x) = € cos(2rx/d)

Imaginary




Contrast varies with the amount of defocus

abs(¥)>? Contrast

Interference between the
unscattered wave and
the diffracted waves
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The contrast transfer comes from interference in the real part of ¥

P =1+ je®=Dz. ¢ cos(2ax/d)
can be written as

P =1 +ie " edh(x).

ep(x) = e cos(Lnx/d)

k=2xn/A
c =cos(d) ~ 1 — A?/d?

v =k(1 — )z = nlz/d?
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Extrapolation

What wavefunction above the specimen
would give rise to what we see below it?

We can back-propagate V:
this is what the objective lens “sees”




What happens when the objective lens is focused above the specimen?

Intensity at 7

The grating ¢(x)
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Contrast

dark (neg) bright (pos)

“Underfocus” is focusing the
objective lens above the
specimen.

Standard terminology

» Defocus values 0O are positive
for underfocus,

O0=—73

« Spatial frequency is

f=1/d

So we can write the defocus
phase contrast as:

CTF = sin(—7zAdf?)
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The contrast-transfer function as a function of f

Defocus 0.25 um
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CTF = sin(—z15f?%)




A little defocus is actually a long distance

1 ym—a small defocus for cryo-EM imaging
iIs 500,000 wavelengths!

This has ramifications regarding
* beam coherence
e specimen charging
 delocalization
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With large defocus, how bad is the image delocalization”

The dispersion radius is given by
r =otan@

= 0Af (small angle approx.) e Object
Focus 2 e |
Homework problem:
 How big a box do | need around my particle to
include all the information up to 3A, if | use
3um of defocus?
* How big a box would | need for 1.5um of
" Specimen defocus? 3 um
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With large defocus, how bad is the image delocalization”

The dispersion radius is given by

"= otand L 53
= O0Af (small angle approx*) "’ﬁ"“ Object
Focus Ay e
For example at 3um defocus and 3A
resolution
5 =3 x 10%A
A= .02A __
then =\
r = 200A =\

= Specimen

I
i l,l'l.
f’.y‘f'l/l "'."i‘

In this case one would want 200A of space in
the box around each particle image.

*Note: beyond about 3A, spherical aberration needs to
be taken into account too.




More details about the CTF

1. Electrons have really short wavelengths, and they travel through the column one by one.
2. The contrast in the image of a grating object varies with the amount of defocus

3. The grating object produces diffracted waves with shifting phase

4. When the phase of the diffracted waves is right, we have contrast.

5. A lens reproduces the wavefronts at the image plane.

6. Spherical aberration and amplitude contrast introduce new terms in the CTF.

/. A phase plate alters the wavefronts after they've passed through the lens.



Underfocus means weakening the field in the objective lens

In focus Underfocus
Specimen is imaged The specimen image
onto the camera IS below the camera

............ Specimen c---.- 8 .-.o Specimen

---------- Camera - oEoE m - om m m Camera

= === 3pecimen’



With spherical aberration a lens bends high-angle rays more strongly

Underfocus, low f Underfocus, high f

Spherical aberration changes
the defocus by
§' = — CAf%12.
Specimen
plane

The contrast transfer function has a
new term,

CTF = sin(—zAdf* — zAd'f?)

Lens
or, expanded,
The coefficient C is typically ~2mm. Specimen’
This makes spherical aberration (at high f)
important only for f > 0.25A~!, or Camera
about 41& resolution. Specimen’




Also, high-angle scattering yields a small amplitude contrast

Electrons that pass very close to an atomic
nucleus are scattered at very high angles, but
are stopped by the objective aperture.

The loss of these electrons results in a small
amount of negative amplitude contrast.

Its small magnitude, sin(—a), is typically
around -0.07.

The amplitude contrast term allows the CTF to
have a small negative value even at zero
spatial frequency.

------ Specimen

Obijective aperture

- === (Camera



Defocus 0.25 um
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Contrast transfer

CTF = SII'I(X)

Defocus only
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Defocus 0.25 ;m

TR
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Contrast transfer

With a and C
CTF = sin(x)
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Contrast transfer

=
&y

Defocus 0.08 ;m
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CTF = sin(y)
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A phase plate modifies the interference of electron waves at the camera

In focus

............ Specimen

Diffraction plane

Phase Plate /

Camera

Phase plate

Bl B N O = EE s .

The phase plate shifts the phase of the

undiffracted beam ¥, by some angle ¢.
The CTF becomes

CTF = sin(¢) — 7ASf2 + gcﬁﬂ —a)

Homework: See if you can derive this.

If = 90° then the CTF atf = 0
becomes 1.



The contrast transfer comes from interference in the real part of ¥

P =1+ je®=Dz. ¢ cos(2ax/d)
can be written as

P =1 +ie " edh(x).

The measured intensity is ep(x) = e cos(2mx/d)
|W|° = |¥'|° = (real part)® + (imag part)* k = 27/)
= [1+sin(y) e ] + [cos(p) ep(x) |’ c = cos(0) 1 = 2%/d”
= [ 1 + 2sin(y) ep(x) + O | + | O€?]. x = k(1 — o)z = miz/d”

So, ignoring the factor of 2, we say the transfer from
phase shift to intensity change is

CTF = sin(y)
= sin(zlz/d?)



The phase plate allows in-focus imaging, but precise focusing is necessary.

10 ¥ | Y | Y | Y | ¥ | Y | ¥ | :
Cryo-EM single particle analysis with the _
Volta phase plate -
Radostin Danev*, Wolfgang Baumeister
Department of Molecular Structural Biology, Max Planck Institute of Biochemistry, L
Martinsried, Germany 5 0.0
eLife 2016 :
09 defocus 0 nm
| | — defocus -7 nm
—— defocus -60 nm
 The defocus value must be A f——————————— —

0.0 0.5 1.0 1.9 2.0 2.5 3.0 3.5 4.0

precise within 60 nm In

_ Spatial frequency, [1/nm]
order to get 4 A resolution.

In-focus phase plate Defocus contrast
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* The better low-frequency
contrast makes particles
much more visible.
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